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Abstract

Conjugate conduction and convection heat transfer problems are often solved numerically in a unitary computational domain
containing both the solid and fluid regions. When SIMPLE-like algorithms are employed in the computation, one has to pay close
attention to the peculiarity of the energy equation or to the problem how to ensure the continuity of heat flux at the fluid-solid
interface. For this reason, two approaches, i.e., the ‘pseudo-density’ method and the ‘pseudo-solid-specific-heat’ method, are sug-
gested, respectively, for the solution of the energy equation, and typical computed results are presented. © 2000 Elsevier Science

Inc. All rights reserved.
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1. Introduction

Conjugate heat transfer problems are encountered in many
practical applications, where heat conduction in a solid region
is closely coupled with convection heat transfer in an adjacent
fluid region. Typical examples include heat transfer enhance-
ment with a finned surface, heat transfer in a cavity with
thermally conducting walls or internal baffle, cooling of micro-
electronic chips, heat transfer in the workpiece for arc welding,
and so on. Many papers have been published in the recent two
decades concerning the numerical modeling of the conjugate
heat transfer problems (e.g., Kim and Viskanta, 1985; Dava-
lath and Bayazitoglou, 1987; Gonzalez et al., 1993; Choi and
Kim, 1996; Ju and Chen, 1996).

A straightforward and time-saving approach for the solu-
tion of conjugate heat transfer problems is to employ a unitary
computational domain containing both the solid and fluid
regions. Nevertheless, it should be pointed out that if the
SIMPLE-like algorithms (SIMPLE, SIMPLER, SIMPLEC,
etc.) are employed in the computation for this case, one needs
to pay close attention to the solution of energy equation in
order to ensure the physical realism of the computed results.
Any negligence in this aspect will result in erroneous results.
This note aims at discussing this special problem.

In the conventional SIMPLE-like algorithms (Patankar,
1980), the following general governing equation is handled:
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In addition, as one of the basic rules of discretization, the
flux —I'(0¢/0x;) across the face separating any two adjacent
control volumes must be represented by the same expression in
the discretized equations for the two control volumes in order
to ensure the physical realism and the overall balance of
computed results. When unequal materials transport proper-
ties (thermal conductivity, diffusion coefficient, etc.) are in-
volved in the computation, a harmonic mean of the ‘diffusion
coefficient’ (I') was recommended to be adopted at the inter-
face separating the two adjacent control volumes along with
the evaluation of the derivative (0¢/0x;) using a piecewise-
linear profile (Patankar, 1980).

For the conjugate heat transfer problem, when the energy
equation is solved together with other equations (e.g., conti-
nuity and momentum equations) using the standard SIMPLE-
like algorithms, one may encounter some special problems
concerning the peculiarity of the energy equation or concern-
ing how to ensure the heat flux continuity at the solid—fluid
interface. In order to clarify this point, in the following let us
study such a simple conjugate heat transfer problem: the
steady two-dimensional (2D) convection—conduction heat
transfer across a planar interface separating the solid and fluid
regions. To stress the problem point itself, it is assumed that
there is no surface heat source, phase change or fluid dissipa-
tion (or suction) at the solid—fluid interface in the discussion.
Solid or fluid properties are assumed to be constant, although
the properties of the solid material may be quite different from
those of the liquid.
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Notation r generalized diffusion coefficient
0 width or thickness
C, specific heat 0 dimens_ionle_tss temperature
h specific enthalpy u fluid viscosity
k thermal conductivity p density )
L length ¢ dependent variable
q specific heat flux b4 nominal flux [¥ = —I'(3¢/0x)]
S source term Subscripts
T temperature 0 reference state
t time ) 1.2.3.4
v, Uy, vy velocity components control volume number, or medium index
X,y Cartesian coordinate axes f fuid
Greeks S solid; interface
o thermal diffusivity [« = k/(pC,)]
2. Analysis standard SIMPLE-like algorithms are employed in the com-

For the steady 2D conjugate heat transfer problem under
study, the energy equation in a Cartesian coordinate system
with temperature 7" as the dependent variable is
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for the fluid region. Noting that convection is absent in a solid,
Eq. (2) with v, = v, = 0 is also applicable to the solid region.
Fig. 1 plots a few typical control volumes separated by the
solid—fluid interface, i.e., control volumes 1 and 3 in the solid
side and control volumes 2 and 4 in the fluid side. When a
uniform grid spacing is used in the computation and Eq. (2) is
discretized for control volumes 1 and 2, the ‘diffusion flux’ or
the heat flux ¢, = —[k(07/0x)], across the fluid—solid interface
separating the control volume 1 and the control volume 2 will
be expressed as
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Here the harmonic mean of the thermal conductivities (k,
and k,) and the piecewise-linear temperature profile have been
employed to evaluate the heat flux at the interface in order to
ensure the overall energy balance of the computed results
(Patankar, 1980). Heat flux continuity at the interface can al-
ways be satisfied for this situation. However, it should be
noted that Eq. (2) is somewhat different from the general form
(1) of the governing equations. Namely, pC, on the left-hand
side of Eq. (2) corresponds to p on the left-hand side of the
general equation (1) if the dependent variable ¢ is taken to be
temperature 7. Ignoring this difference in programming may
result in a serious error in the computational results if the
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Fig. 1. Adjacent control volumes across the solid—fluid interface.

putation and all the governing equations are treated as the
general form shown in Eq. (1). A simple but very efficient
approach (Approach 1) employed to avoid this error is as
follows: whenever the energy equation (2) is to be solved in
each round of the iterations, the density p in Eq. (1) is tem-
porarily substituted by the pseudo-density p*, where p* = pC,
as seen by comparing Eq. (1) with Eq. (2). After the energy
equation has been solved, the actual density p is re-used for the
solution of other equations (momentum equations and pres-
sure correction equation, etc.). For this situation, the density p,
the specific heat C, and the thermal conductivity k in Eq. (2)
are their actual values in both the solid and fluid regions (solid
density and specific heat do not affect the computed results due
to the absence of the convection terms in the solid region).
Since the pseudo-density p* has been used in the solution of the
energy equation (2), we can also call Approach 1 the pseudo-
density method.

Many researchers preferred to employ the following form
of the energy equation:
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The merit of Eq. (4) compared to Eq. (2) is that it is consistent
with the general form (1) of the governing equations and thus
Approach 1 is no longer needed. Eq. (4) is also applicable to
both the fluid and solid regions. However, when the conjugate
heat transfer problem is solved numerically using Eq. (4) in the
unitary computational domain, one has to pay close attention
to ensure the continuity of heat flux at the solid—fluid interface.
The reason is as follows: when a uniform grid spacing is used
in the computation and Eq. (4) is discretized for control
volumes 1 and 2 shown in Fig. 1, the diffusion flux

¥V, = —[I'(0T /ox)], across the face separating the control

volume 1 and the control volume 2 will be expressed as

lpsz_(ié_T) _ 2k1ky TszI. 5)
Cp ox s klcpz + kchl X2 — X1

Here the harmonic mean of k/C, and k,/C, and the
piecewise-linear temperature profile have also been adopted to
evaluate the diffusion flux at the interface in order to ensure the
overall balance of the computed results (Patankar, 1980).
However, it should be noted that ¥, is only a nominal flux, its
continuity at the interface cannot ensure the physical reality.
Eq. (5) shows that both solid and fluid specific heats (C,; and
C,») affect the diffusion flux ¥, at the interface and thus affect
the computed temperature field. However, because only steady
heat conduction occurs in the solid region, the actual
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temperature field should be independent of the solid specific
heat. Hence, the computed temperature field based on (5) will
be physically incorrect for the case C, # C,, although this
fact was often ignored by some authors (e.g., Gonzalez et al.,
1993; Ju and Chen, 1996). If great difference in the values of
the solid and fluid specific heats is involved in the computation,
appreciable discontinuity of the heat flux will appear at the
solid—fluid interface and serious error will be introduced in the
computational results, as we can see later on from the typical
calculated results. A simple but very efficient approach (Ap-
proach 2) to avoid this error is as follows: the thermal con-
ductivity in Eq. (4) is taken to be its actual value in the solid or
fluid region, but the specific heat of the solid region is artifi-
cially set to be equal to that of the fluid region. As a result, the
actual solid specific heat will not affect the computed temper-
ature field, as desired, and Eq. (5) reduces to ¥ = ¢;/C,y, i.e.,
the heat flux continuity can be ensured at the fluid—solid in-
terface. The reason for choosing the specific heat of fluid (C,»
or C,) instead of that of solid (C,; or Cy) in this approach is
that the specific heat affects the results only through the con-
vection term of the energy equation, and thus only the fluid
specific heat is important. Since the specific heat in the solid
region used here is not its actual value, Approach 2 can also be
called as the ‘pseudo-solid-specific-heat” method. Approach 2
is also applicable if the following energy equations are
employed:
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When Eq. (6) is adopted, Approach 2 requires that C, in
Eq. (6) should be taken as the fluid specific heat everywhere
and the specific enthalpy 4 should be related with the tem-
perature by i = hy+ C, (T — Tp) for both the solid and fluid
regions (4 is the specific enthalpy at the reference temperature
Tp). On the other hand, when Eq. (7) is used, Approach 2 re-
quires that the product of the density and specific heat of the
fluid, ie., (pC,);, should be used in the evaluation of the
thermal diffusivities for both the solid and fluid regions, i.e.,
% = ks/(pCy); and op = ki /(pC,);.

3. Typical calculated results and discussion

In order to check the validity of the suggested approaches,
let us examine a few typical examples. The first example is the
conjugate heat transfer problem in a 2D counter-flow heat
exchanger shown in Fig. 2. In a Cartesian coordinate system,
this heat exchanger consists of two parallel flow passages with
widths J; and J5 separated by a metallic plate with thickness of
0;. The outer walls of the flow passages are assumed to be
adiabatic. The same properties and uniform inlet velocity and
temperature profiles are assumed for the hot and cold fluids.
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Fig. 2. A 2D counter-flow heat exchanger.

Parameters adopted in the computation are as follows: geo-
metrical sizes 0; =0, =03 =0.1 m and L =1 m; fluid pa-
rameters U; =02 m/s, T} =800 K, U; =0.1 m/s, 75 = 300
K, p;=1000 kg/m®, k=10 W/(m K), C, =251J/(kg K)
and = 0.15 kg/(m s); metallic plate properties p; = 8000
kg/m?, k; = 50 W/(m K) and C,, = 500 J/(kg K). In order to
emphasize the effect of the solid/fluid specific-heat ratio, a
much smaller value of the fluid specific heat has been employed
here. The energy equation (4) or (2) and the continuity and
momentum equations (as usual) are solved simultaneously
using the SIMPLE algorithm, and grid points are taken to be
62 x 32 with uniformly distributed control volumes. Three
different methods designated as Method A, Method B and
Method C are used, respectively, in the computation. Here
Method A means that k/C, in Eq. (4) is the actual values for
both the solid and fluid regions, i.e., k/C, = k;/C,s for the
metallic plate, while k/C, = k;/C, for the hot or cold fluid.
Method B denotes that Approach 2 (or the pseudo-solid-spe-
cific-heat method) is used, i.e., k/Cp in Eq. (4) is k/C, = k/Cy¢
for the metallic plate, while k/C, = k¢/C, for the hot and cold
fluids. Method C expresses that the energy equation (2) and
Approach 1 (or the pseudo-density method) are employed. The
computed temperature distributions within the 2D heat ex-
changer obtained using Method A and Method B are shown in
Fig. 3 and Fig. 4, respectively. Method A predicts that unex-
pected large temperature drop occurs across the metallic par-
tition plate, while the temperature variation within the hot or
cold fluid is much smaller (Fig. 3). On the other hand, Method
B predicts that more significant temperature difference occurs
in the hot or cold fluid along the flow direction, while the
temperature drop across the metallic plate is comparatively
small (Fig. 4). The predicted results using Method C are al-
most identical to those shown in Fig. 4 obtained by the
Method B and thus not plotted as a new figure. As expected,
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Fig. 3. The temperature distribution within the 2D counter-flow heat
exchanger obtained using Method A (temperature in K).
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Fig. 4. The temperature distribution within the 2D counter-flow heat
exchanger obtained using Method B (or Approach 2, temperature in
K) or Method C.
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Fig. 5. The temperature profiles at X = L/2 for the 2D counter-
flow heat exchanger. Dash line: Method A; solid line: Method B or
Method C.

quite different temperature profiles at the cross-section with
X = L/2 are obtained by Method A (dash line) and Method B
or Method C (solid line), as shown in Fig. 5. Since the value of
the thermal conductivity of the metallic plate is five times as
great as that of the fluid, it is obvious that the temperature
drop within the metallic plate should be much less than that
within the hot or cold fluid. Hence, the predicted results by
Method A are physically incorrect (heat flux is obviously dis-
continuous at the fluid—plate interfaces), while Method B and
Method C can predict reasonable temperature fields. The
reason is that if Method A is used in the computation,
ksCpr/Cps, instead of the actual value k;, is actually used as the
effective thermal conductivity of the metallic plate, as shown
by comparing Eq. (2) with Eq. (4), and thus the computed
results are incorrect.

In order to check quantitatively the suggested approaches,
let us examine another much more simplified case, i.e., a steady
1D heat conduction in the three-layer media with the same
sizes and thermal conductivities as in the heat exchanger
shown in Fig. 2. Namely, the convection terms in Eq. (2) or
Eq. (4) are given up (U; = U; = 0) and the left and right end-
walls of the heat exchanger are assumed to be adiabatic. In
addition, temperatures at the outer walls of the upper and
lower flow passages are taken to be 7, = 800 K and 73, = 300
K, respectively, instead of the adiabatic boundary conditions
used above. An exact analytical solution can be easily obtained
for such a pure heat conduction problem. The analytical result
of the heat flux is

q= (T, — To)/[(:1/ke) + (02/ks) + (03/ks)]
=2.27 x 10* W/m’.

The temperature profile obtained from the exact solution
has been plotted in Fig. 6 as the solid line. As expected, the
temperature drop across the metallic partition plate is signifi-
cantly less than that within the hot or cold fluid. Corre-
sponding calculated results using the SIMPLE algorithm are
also shown in Fig. 6 for Method A, Method B (or Approach 2)
and Method C (or Approach 1), respectively. The computed
results show that the temperature profiles obtained by Meth-
ods B and C are the same and are well consistent with the exact
solution shown in Fig. 6 as the solid line. On the other hand, a
different temperature profile is obtained by Method A as
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Fig. 6. The temperature profiles for pure heat conduction. Dash line:
Method A; solid line: exact solution, Method B (or Approach 2)
or Method C (or Approach 1).

shown in Fig. 6 by the dash line. The result obtained using
Method A is obviously incorrect.

Variable fluid specific heat may be encountered in many
practical applications. For example, one order of magnitude
variation in the specific-heat values is not unusual in a thermal
plasma system with temperature difference as great as 10* K.
For this case, Approach 2 is no longer applicable to treat Eqs.
(4), (6) or (7). The reason is as follows. Referring to Fig. 1, if
the specific heat of control volume 1 in the solid region is set to
be equal to that of control volume 2 in the fluid region ac-
cording to Approach 2, the specific heat of control volume 3 in
the solid region must also be set to be equal to that of control
volume 4 in the fluid region. Since now the fluid specific heat is
temperature-dependent, the specific heat of control volume 2
usually is not equal to that of control volume 4 in the fluid
region. Hence, the specific heat of control volume 1 will also be
not equal to that of control volume 3 in the solid region. As a
result, the heat flux continuity cannot be ensured at the in-
terface between control volumes 1 and 3 in the solid region or
even between control volumes 2 and 4 in the fluid region. On
the other hand, Approach 1 is still valid for the variable fluid
specific-heat case if an energy equation similar to Eq. (2) is
used in the computation. Special attention should also be paid
to the peculiarity of the energy equation. The pseudo-density
method (Approach 1) will still be an effective method. Due to
the complexity caused by the variable specific heat, the solu-
tion of the energy equation for such a case is more complicated
than that for the constant specific-heat case. This problem has
been discussed in some detail by Chen Xi and Li He-Ping
(1999) in the modeling of a free-burning arc.

4. Conclusions

When conjugate heat transfer problems are solved using the
SIMPLE-like algorithms in a unitary computational domain
containing both the solid and fluid regions, one should pay
close attention to ensure the physical realism of the computed
results. In order to avoid any possible error, Approach 1 (i.e.,
the pseudo-density method) is recommended if the energy
equation (2) is used, whereas Approach 2 (i.e., the pseudo-
solid-specific-heat method) is recommended if energy equation
(4), (6) or (7) is used.
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